Abstract. We study periodic magnetic Schrödinger operators on covers of closed manifolds in relation to Mañé's critical energy values of the corresponding classical Hamiltonian systems. In particular, we show that if the covering transformation group is amenable, then the bottom of the spectrum is bounded from above by Mañé's critical energy value. We also determine the spectra for various homogeneous spaces with left-invariant magnetic fields.
Introduction
Ever since quantum mechanics was formulated by Heisenberg and Schrödinger in the 1920s, it has been one of the main objectives of mathematical physics to understand its relations with classical mechanics. We exploit one instance of this interplay and relate Mañé's critical energy value of classical electromagnetic Hamiltonians with the ground state energy of the associated magnetic Schrödinger operators.
More precisely, let M be a connected closed Riemannian manifold that is equipped with an electric potential and a magnetic field given by a smooth function V ∈ C ∞ (M, R) and a closed 2-form β ∈ Ω 2 (M, R), respectively. Any regular cover π : M → M, for which β = π * β has a magnetic potential α ∈ Ω 1 ( M , R) satisfying β = d α, gives rise to a Hamiltonian H α, V : T * M → R defined as H α, V (x, p) = Mañé's critical value of the corresponding Lagrangian L α, V : T M → R is given by [Mañ97, CIPP98, BP02] c(L α, V ) = inf
For the sake of convenience, all covers are implicitly assumed to be connected. In Section 2, we generalize results from [PP97, FM07] concerning the exact case in which α = π * α for some α ∈ Ω 1 (M, R). We prove that any regular cover M of M whose covering transformation group G is amenable satisfies
where L α, V , L α, V and ω denote the lifts of L α,V and ω to M and to a subcover M of M whose covering transformation group is isomorphic to the abelianization G/ [G, G] .
In Section 3, we study the quantum analogue of magnetic Hamiltonians of the form H α, V , that is, magnetic Schrödinger operators H α, V initially defined on C ∞ 0 ( M , C) as
It is known [Shu01, BMS02] , that for arbitrary α and periodic V = π * V as above, the closure H α, V is a self-adjoint operator in L 2 ( M , C). The main object of study is the ground state energy defined as λ 0 ( α, V ) = inf spec(H α, V ).
We generalize various results which are either known for α = 0 or M = R n . The exact case allows for a detailed spectral analysis in terms of twisted operators and representations of the covering transformation group of M [Sun89, KOS89] . We moreover prove theorems about amenable and abelian covers, which are motivated by corresponding results for the discrete analogue of H α, V on periodic graphs [HS99, HS01] . In particular, abelian covers
where
ˆγ ω ∈ Z for any closed curve γ in M .
The structural resemblance of (1.1) and (1.2) motivated the main result in Section 4, which generalizes [Pat01, Theorem B] to non-compact amenable covers as follows.
Theorem 23. Let M be a regular cover of M with amenable covering transformation group. If α ∈ Ω 1 ( M, R) and V ∈ C ∞ ( M , R) are potentials with inf V > −∞, then the associated Lagrangian L α, V and the associated magnetic Schrödinger operator H α, V satisfy λ 0 ( α, V ) ≤ c(L α, V ).
In the last section, we explicitly determine spec(H α, V ) on various covers M of compact homogeneous spaces M = Λ\Γ, which facilitates comparisons with the corresponding classical data. In each case, Γ is a Lie group that is equipped with a left-invariant metric and a left-invariant magnetic field β ∈ Ω 2 (Γ, R), and Λ ⊂ Γ is a cocompact lattice. The following exact examples have not been studied before and exhibit unexpected phenomena:
• P SL(2, R) has a left-invariant magnetic potential α, such that λ 0 (B α, 0) > c(L B α,0 ) near B = 0, and the mapping B → λ 0 (B α, 0) has 2 non-trivial local minima. The corresponding classical dynamics are well-understood [CFP10] .
• The compact quotient Λ\Nil of the Heisenberg group Nil by the lattice Λ of integer matrices has a magnetic potential α, such that the mapping B → λ 0 (B α The flow of (g, β, 0) is called magnetic flow or twisted geodesic flow [BP02, Pat09] since the triple (g, 0, 0) gives rise to the geodesic flow of g. In the following, let π : M → M be a regular cover such that β = π * β is exact with magnetic potential α ∈ Ω 1 ( M , R), that is, d α = β. Whenever there exists a magnetic potential, one can remove the twist in the lift ω β of the symplectic structure ω β as follows. Let V , g, ω 0 and H V denote the lifts of V , g, ω 0 and H V , respectively. The flow of the system (T * M , ω β , H V ) is equivalent to the flow of the system (T * M , ω 0 , H α, V ) with Hamiltonian An equivalence is given by the mapping (x, p) → (x, p + α x ). Mañé's critical value of the Hamiltonian H α, V is defined as [CFP10] (2.1) c(H α, V ) = inf give rise to the Euler-Lagrange flow, whose orbits are known to coincide with the orbits of the electromagnetic flow of ( g, β, V ). We let A α, V denote the action of L α, V on the space of absolutely continuous curves γ : [a, b] → M given as
Mañé [Mañ97] defined the critical value of the Lagrangian L α, V as c(L α, V ) = inf k ∈ R ∪ {∞} A α, V +k (γ) ≥ 0 for any closed curve γ . We let π univ : M univ → M and π abel : M abel → M denote the universal and the maximal abelian cover of M, respectively. Their covering transformation groups are the fundamental group π 1 (M) and the first homology group H 1 (M, Z). More precisely, M abel is defined as the regular cover of M whose fundamental group is the kernel of the Hurewicz homomorphism π 1 (M) → H 1 (M, Z), that is, the commutator subgroup [π 1 (M), π 1 (M)]. Therefore, any regular cover with an abelian covering transformation group is covered by M abel . In the monopole case in which 
Burns and
. Recently, Fathi and Maderna [FM07] proved that if, in addition, π 1 (M) is amenable, then
). For the reader's convenience, we recall the notion of amenability.
Definition 1. A discrete group G is called amenable, if there exists a continuous functional m on the space L ∞ (G, R) of bounded real-valued functions on G such that
For instance, groups with subexponential growth and finite extensions of solvable groups are amenable whereas groups containing a free subgroup on two generators are not amenable. The proof of (2.6) given in [FM07] is based on an equivariant version of the weak KAM theorem and can be extended as follows. Let M be a regular cover of M with amenable covering transformation group G. Let M denote a subcover whose covering transformation group G is isomorphic to the abelianization G/ [G, G] . Note that M is covered by M abel , which entails a surjective homomorphism Φ : H 1 (M, Z) ։ G, whose kernel is the group of covering transformations of M abel with trivial projections to M . The transpose of Φ can be extended to an injective linear map from
where ω denotes the lift of a representative of [ω] . We provide an explicit isomorphism below. A similar argument appears in [KS00] , which deals with the long-time asymptotics of the heat kernel. Note that any ω ∈ Ω 1 ( M , R) that satisfies (2.7) is exact with primitives of the form f (x) = f (x 0 ) +´x x 0 ω, where x 0 ∈ M and f (x 0 ) ∈ R can be chosen arbitrarily. Theorem 2. Let M be a connected closed Riemannian manifold. Let M be a regular cover with amenable covering transformation group G, and let M be a subcover whose covering transformation group G is isomorphic to
and its lifts L α, V and L α, V to M and M satisfy
where Hom(G, R) denotes the vector space (2.7), and ω denotes the lift of ω to M.
Note that forms with exact lifts are necessarily closed. For abelian covers M = M , one obtains the following generalization of c(L
Corollary 3. If M is a regular cover with abelian covering transformation group, then we have c(L α, V ) = min
Proof of Theorem 2. For any ω ∈ Ω 1 (M, R) with exact lift ω ∈ Ω 1 ( M, R), (2.3) and (2.5) imply that
. This is established along the lines of [FM07, Theorem 1.5], more precisely, M , M , G and G assume the roles of M univ ,
such that the lift of ω to M takes the form ω = df ω . Since M is connected, f ω is determined up to a constant. For any γ ∈ G, we consider the function ρ ω,γ = γ * f ω − f ω . Note that the definition of ρ ω,γ is independent of the choice of f ω . Since γ * ω = ω for any γ ∈ G, the function ρ ω,γ has vanishing derivative and is therefore a constant that we denote by ρ ω (γ). One easily verifies that the mapping γ → ρ ω (γ) is an element of Hom(G, R). Moreover, the mapping ω → ρ ω is linear and injective, and thus establishes the desired isomorphism. In [FM07, Section 7] , it is shown that any ρ ∈ Hom(G, R) gives rise to a critical value c(ρ) such that any ρ ω as above satisfies c(ρ ω ) = c(L α+ω,V ). Since G is amenable, there exists ρ ∈ Hom(G, R) such that c(ρ) = c(L α, V ) by virtue of [FM07, Lemma 7.3 and Theorem 7.4]. We already saw that ρ = ρ ω for some ω with [ω] ∈ Hom(G, R), which completes the proof.
Note that the functions f ω ∈ C ∞ ( M , R) in the proof of Theorem 2 are lifts of smooth functions on the subcover M . Algebraically, this is reflected in Hom(G, R) ≃ Hom( G, R). The existence of ρ ω ∈ Hom(G, R) with minimal associated critical value c(ρ ω ) is a consequence of the convexity and superlinearity of the Mather function [FM07, Proposition 7.2] which is the mapping Hom(G, R) ∋ ρ ω → c(ρ ω ) = c(L α+ω,V ). One easily extends Theorem 2 to any Lagrangian L : T M → R of class C 2 that satisfies the following conditions: (1) Convexity: For every x ∈ M, the restriction of L to T x M has positive definite Hessian everywhere. (2) Uniform superlinearity: For every
Corollary 3 also allows for a direct proof along the lines of [PP97, Theorem 1.1]. More precisely, if G denotes the abelian covering transformation group of M , then M , G, G ⊗ R and Hom(G, R) assume the roles of
, respectively. In particular, the curves x i appearing in the proof of [PP97, Theorem 1.1] can be chosen as lifts of curves in M , for which reason the slopes appearing in [PP97, Theorem 2.3] can be taken from Hom(G, R). The necessary adaptions are routine but lengthly for which reason we skip them.
Magnetic Schrödinger operators
As in Section 2, let M be a connected closed manifold with Riemannian metric g, and let M be a regular cover of M equipped with potentials α ∈ Ω 1 ( M , R) and V ∈ C ∞ ( M, R). Recall that the system (T * M , ω 0 , H α, V ) with standard symplectic structure ω 0 on T * M and
describes the classical motion of a charged particle on M under the influence of the electromagnetic field with magnetic and electric potentials α and V , respectively. In contrast, non-relativistic quantum mechanics is essentially the study of self-adjoint, densely-defined operators on Hilbert spaces. In our case, these are minimal Schrödinger operators, that is, closures of differential operators of Schrödinger type that are initially defined on the space
of compactly-supported, smooth, C-valued functions on M. In comparison to Laplacians, the study of magnetic potentials requires to consider complex-valued functions. Let
with respect to the norm u = u, u coming from the inner product
where u, v ∈ C ∞ 0 ( M ) and dvol denotes the volume form of g. Following [Pat01] , we use the Dirac quantization rule which says that in order to quantize (3.1), we have to replace p by the operator
denote the space of compactly-supported, smooth, C-valued 1-forms on M . This space is equipped with an inner product given by integration over the fibrewise inner products on T * M . We denote the completion of
The associated magnetic Schrödinger operator H α, V with domain
As a differential operator, H α, V can be expressed in local terms.
Lemma 4. The magnetic Schrödinger operator (3.2) with domain
where d * denotes the codifferential and ∆ = d * d is the Laplace-Beltrami operator on M . With respect to local coordinates (x 1 , x 2, . . . , x n ), we have
j , dx k are the entries of the inverse of the local matrix expression of g.
Proof.
For compact M , [Pat01] contains a proof of (3.3) that can be easily generalized to our setting. Instead, we verify the coordinate version (3.4). For any u ∈ C ∞ 0 ( M ) with support in the given coordinate neighborhood and any ω ∈ Ω 1 0 ( M ) with local expression ω = k ω k dx k , partial integration yields
Proof. As a cover of a closed manifold, M is complete. Moreover, H α, V is semi-bounded
The claim now follows from [Shu01, Theorem 1.1] or [BMS02, Theorem 2.13].
Ikeba and Kato [IK62] were the first to prove essential self-adjointness for a wide class of singular magnetic potentials on R n . Kato [Kat72] extended these results using his famous inequality, which we discuss in Section 3.1. Hess et al. [HSU77] and Simon [Sim79] later revealed the functional analytic nature of Kato's inequality in terms of domination of semigroups. Most proofs of essential self-adjointness of magnetic Schrödinger operators use some sort of Kato inequality, see also [LS81, Iwa90, BMS02, Mil03, Mil04, RM05] .
The study of H α,0 dates back to the 1930s when Landau considered the case M = R 2 ; however, major progress had not been made till the 1970s [AHS78, Iwa86, Tam87, Tam88, Tam89] . In this context, we point out the article [KS02] , in which Kondratiev and Shubin derive necessary and sufficient conditions for magnetic Schrödinger operators to have discrete spectrum. In particular, they recover a theorem of Avron et al. [AHS78] which says that whenever H 0,0 = ∆ has discrete spectrum, the same is true for any H α,0 with α ∈ Ω 1 ( M, R). By virtue of [Dav95, Theorem 4.3.1], the estimate (3.5) implies spec(H α, V ) ⊆ [inf V , ∞). Moreover, H α, V and H − α, V are conjugate to each other with respect to complex conjugation
is the direct sum of countably many finite-dimensional eigenspaces of H α, V consisting of smooth eigenfunctions as is well-known, see [Shi87, Theorem 2.1] for instance. If, in addition, M is a finite regular cover of M with lifted potentials α and V , then we obtain spec(H α, V ) ⊆ spec(H α, V ) by lifting eigenfunctions.
In the following, we collect results about magnetic Schrödinger operators that describe periodic electromagnetic fields. Let G denote the covering transformation group of the regular cover π : M → M. We assume that d α = π * β for some magnetic field β ∈ Ω 2 (M, R),
and we define the α-exact subgroup as
The subgroup property can be seen as
Theorem 6. If G α is infinite, then all eigenspaces of H α, V are infinite-dimensional, that is, H α, V has no discrete spectrum.
The idea behind Theorem 6 goes back to the following well-known argument for the special case α = 0 and V = 0. Since Laplacians commute with isometries, any eigenfunction can be translated by covering transformations to obtain linearly independent eigenfunctions in the same eigenspace. In the presence of magnetic potentials, one has to adapt the translations as follows. If x 0 ∈ M denotes some fixed reference point, then any γ ∈ G α gives rise to a unique
Lemma 7. Magnetic translations map Dom(H α, V ) into itself and commute with H α, V , that is, for any γ ∈ G α and u ∈ Dom(H α, V ), we have e i fγ γ * u ∈ Dom(H α, V ) and
Proof. We use ideas from [MS02] , where the underlying twisted group algebra structure is exploited in detail. In order to see that (3.6) holds for any
One can prove (3.7) directly using (3.3). In order to avoid this tedious calculation, we define a magnetic translation
where we used that df γ + α = γ * α. Taking adjoints, we obtain T −1
Proof of Theorem 6. We largely follow [Sun88] and assume that H α, V has an eigenspace with finite orthonormal basis {u 1 , u 2 , . . . , u N }. For each γ ∈ G α and j ∈ {1, 2, . . . , N}, the translate T γ u j is an eigenfunction of H α, V by virtue of Lemma 7. Hence,
Let F denote a fundamental domain for the action of G α on M . We obtain
3.1. Ground state energy. Let π : M → M be a regular cover equipped with potentials
Definition 8. The ground state energy is defined as
Any normalized eigenfunction of H α, V with eigenvalue λ 0 ( α, V ) is called a ground state.
If M is non-compact, then λ 0 ( α, V ) can belong to the continuous spectrum spec cont (H α, V ). In any case, the variational principle says that λ 0 ( α, V ) is an infimum of Rayleigh quotients
The reader is referred to [Dav95, Section 4] for details. If V = 0, we use the shortened notation λ 0 ( α) for λ 0 ( α, 0). We recall that a distribution ν on M is called positive, denoted
The following version of Kato's inequality is a special case of [BMS02, Proposition 5.9 and Corollary 5.10], see also [HSU80, Proposition 2.2].
Then, we have the following inequality of smooth functions on M
In the limit ε ց 0, we moreover have the following inequality of distributions
denote the first cohomology group with integer coefficients, which we identify with the lattice group
The following theorem describes the diamagnetic effect of magnetic fields and the gauge invariance group of compact covers.
Theorem 10. For any regular cover π : M → M equipped with potentials α ∈ Ω 1 ( M, R) and V = V • π, where V ∈ C ∞ (M, R), the diamagnetic inequality holds, namely
Moreover, any ω =
If M is a finite and therefore compact regular cover of M, then the following are equivalent:
(2) H α, V and H 0, V are unitarily equivalent via a gauge transformation, in particular,
Proof. The lifted potential V is bounded from below by min V , which exists by compactness of M. Hence, we may assume that V ≥ 0, otherwise consider H α, V − min V . In order to prove inequality (3. 
Taking adjoints, we get U *
Hence, we get (3.9), which in turn implies (3.10) by setting ϕ = e
if . In what follows, let M be compact. The equivalence of 3. and 4. is the content of [Shi87, Proposition 3.1]. Since 3. implies 2. by the first part, and since 2. immdiately gives 1., it suffices to show that 1. implies 3. We use ideas from [Hel88] . It is well-known that H 0, V has a smooth positive ground state u 0 , in particular, for any u ∈ C ∞ ( M )
This yields another proof of the diamagnetic inequality (3.8) as follows
where we used Re |u| 2 α, i u −1 0 du 0 = 0 and (3.11). Recall that H α, V has a smooth normalized ground state [Shi87, Theorem 2.1], which we denote by u α . Assuming that λ 0 (0, V ) = λ 0 ( α, V ), we show that u α is non-vanishing. Due to (3.12), the function ϕ α = u
We show that whenever ϕ α (x 0 ) = 0 for some x 0 ∈ M, then ϕ α vanishes in a neighborhood of x 0 , which by continuity of ϕ α and connectivity of M leads to ϕ α = 0 contradicting u α = 1. Using (3.13), we can find r 0 > 0 and C > 0 such that the exponential map exp x 0 : T x 0 M → M restricted to the ball B(0, r 0 ) or radius r 0 is a diffeomorphism onto its image B(x 0 , r 0 ) = exp x 0 (B(0, r 0 )), on which
x 0 x, and note that since ϕ α is smooth,
Using the Gauß lemma, we obtain that for any 0 < r < r 0
and ϕ α must vanish on any B(x 0 , r) with 0 < r < min(r 0 , C). Hence, ϕ α vanishes nowhere, and on any simply-connected coordinate neighborhood U ⊆ M, we may write
. Using (3.13), we obtain
Since α is real-valued, we have α = −df and dR = 0, that is, α is closed and
Note that we can have 
B
2 | α| 2 is concave. In particular, µ 0 is continuous, admits monotonically non-increasing left and right derivatives, and is differentiable at all but at most countably many points. 
In Section 5.3, we present a non-compact quotient of the Heisenberg group equipped with a left-invariant magnetic potential, such that λ 0 has countably many local minima, at which it is not differentiable. Such points are referred to as phase transitions in [HS99] , which contains similar examples for magnetic Schrödinger operators on periodic graphs. Shi87] ) There exists ε > 0 such that for all B ∈ (−ε, ε) the ground state energy λ 0 (B α, V ) is a simple eigenvalue of H Bα,V with non-vanishing smooth eigenfunction, and we have
Exact case. For the remainder of this section, we consider lifts of potentials
Following the proof of [Shi87, Theorem 4.3], we see that any real-valued ground state u α of H α,V is also a ground state of
In particular, u α has no zeros and the space of real-valued ground states is at most onedimensional. In the following, we let V = 0 and consider the function λ
Lemma 13.
. Thus, we can compare with the Rayleigh quotient of H B(α−df ),0 at the function 1 M which is identically equal to 1 on M 
Since H α−df,V and H α,V are gauge equivalent and therefore have the same spectrum by virtue of Theorem 10, some authors prefer to always work in the so-called Coulomb gauge given by d * α = 0, or equivalently α = α cc , see also [RM05] .
3.2.1. Twisted operators. Let π : M → M be a regular cover with covering transformation group G, and let α = π * α and V = π * V be the lifted potentials. According to Theorem 6, spec(H α, V ) is purely discrete or purely essential depending on whether vol( M ) < ∞ or vol( M) = ∞. Let η : G → U(P ) be a unitary representation on some separable Hilbert space P . We let E η denote the associated flat vector bundle [Sun89] , that is, E η is the quotient space of M × P by the action of G given by γ(x, v) = (γx, η(γ)v). If [x, v] denotes the G-orbit of (x, v), then the mapping [x, v] → π(x) yields a vector bundle projection E η → M, and E η inherits an inner product given by
Any section s of E η can be identified with a P -valued function u s on M defined via
In other words, the space Γ(E η ) of smooth sections of E η can be identified with (3.14)
u
where differentability has to be understood with respect to the norm topology. Let L 2 (E η ) denote the completion of Γ(E η ) with respect to the norm coming from the inner product
and similarly for
We let d * α,η denote its formal adjoint and define the twisted magnetic Schrödinger operator as 
If η is one-dimensional, then H α,V ,η can be described as follows. Lemma 7 implies that H α, V commutes with the action of G. Hence, H α, V maps the space (3.14) to itself, and H α,V ,η corresponds to the restriction of H α, V to this space. The following lemma is proven exactly as in [Sun89] .
3.2.2. Amenable covers. In the absence of magnetic potentials, one can use twisted Schrödinger operators to show that for any electric potential V ∈ C ∞ (M, R) with lift V to the regular cover M , we have
and equality holds precisely if the covering transformation group of M is amenable [KOS89, Proposition 1]. The special case V = 0 and M = M univ is known as Brooks' theorem [Bro81] , which states that 0 ∈ spec(∆ univ ) if and only if π 1 (M) is amenable. We continue these developments and prove an analogue of [HS99, Theorem 2.1] for manifolds.
Theorem 16. If M is a regular cover with amenable covering transformation group G, then
Instead of working along the lines of [Sun88, Sun89] , our proof follows Brooks' original approach. In essence, [Bro81, Proposition 2] says that a regular cover M has an amenable covering transformation group G if and only if for any ε > 0 and any fundamental domain F of the action of G on M arising from a smooth triangulation of M, there exist γ 1 , γ 2 , . . . , γ n ∈ G such that the compact subdomain
Following [Bro81, Section 2], one considers smooth functions that are supported inside D, and that are non-constant only in a small neighborhood of ∂D to obtain the following.
Proposition 17. If M is a regular cover of the closed manifold M with amenable covering transformation group G, then for any u ∈ C ∞ (M) and ε > 0 there exists
Note that (3.15) could be weakened since
Proof of Theorem 16. It suffices to show that for any λ ∈ spec(H α,V ), we have
As M is compact and H α,V is elliptic, any λ ∈ spec(H α,V ) is an eigenvalue of H α,V with smooth eigenfunction u satisfying
A similar computation appears in the proof of [Shi87, Proposition 3.2]. Since u and α arise from u and α, the claim follows from (3.15) and (3.16) via the estimate
3.2.3. Abelian covers. We discuss Bloch-Floquet theory for lifted magnetic Schrödinger operators on abelian covers and extend results that are known for graphs [HS99] to manifolds. Our approach bases upon the study of lifted Laplacians on abelian covers in [KS00] and [Pos00, Section 3], the latter of which gives an extensive account of the underlying functional analysis. Let π : M → M be a regular cover with abelian covering transformation group G.
for some r 0 , r 1 , . . . , r k ∈ N 0 , where Z p denotes the cyclic group of order p. The irreducible unitary representations of G are one-dimensional and constitute the so-called character groupĜ = Hom(G,
, which is compact with respect to its canonical topology of pointwise convergence. Recall that M is covered by M abel , which entails a surjective homomorphism Φ : H 1 (M, Z) ։ G. Dualizing yields the following injection of compact character groups
The latter can be identified with the so-called Jacobian torus
where [γ] denotes the homology class of the closed curve γ.
, where we defined
The mapping (3.18) also identifies the tangent space T 1Ĝ at the trivial representation 1 ∈Ĝ with Hom(G, 
where E χ denotes the flat vector bundle associated with χ ∈Ĝ, and dχ denotes the normalized Haar measure onĜ. Moreover, if χ ∈Ĝ is represented by ω χ ∈ Ω 1 (M, R) via (3.17) and
Proof. For each χ ∈Ĝ, we use (3.14) to identify Γ(E χ ) with the space of smooth χ-periodic functions on M, on which H α,V ,χ acts as H α, V . With respect to this identification, we have 
extends to the desired isometry. For γ ∈ G, we have
In other words, (Iu) χ ∈ Γ(E χ ). Using the orthogonality of characters, we obtain
.
The inverse of I reads Note that u χ is well-defined, satisfies d u χ = i u χ ω χ , and is χ-periodic since for γ ∈ G, we have
Using that u χ ∈ Γ(E χ ), we define unitary maps U χ :
We take formal adjoints to obtain
, the analogue of [HS99, Lemma 3.1] for manifolds follows, namely, U
Theorem 19. The spectrum of H α, V as in Theorem 18 has band structure
where H 1 (M, M , Z) is given in (3.19), and we either have I = {1, 2, . . . , N} and b k < a k+1 for k ∈ I\{N} as well as b N = ∞, or I = N and b k < a k+1 for all k ∈ I as well as a k ր ∞. Moreover, λ 0 ( α, V ) = min
In particular, α has no diamagnetic effect, that is, λ 0 ( α, V ) = λ 0 (0,
Proof. For arbitrary ω ∈ Ω 1 (M, R), the spectrum of H α+ω,V is discrete with smooth eigenfunctions [Shi87, Theorem 2.1]. Thus, the spectra of the twisted operators H α,V ,χ in the direct integral decomposition (3.20) are given as unbounded sequences 
The remaining statements are consequences of Theorem 10 and the fact that each χ ∈Ĝ is represented by some [ω] ∈ 2π H 1 (M, M , Z).
As an example, take the n-fold covering of M = S 1 = {z ∈ C | |z| = 1} by M = S 1 with projection π(z) = z n . If n > 1 and ϕ ∈ (0, 2π) denotes the angular coordinate of z = e iϕ ∈ M\{1}, then Corollary 20. If M is a regular amenable cover of M with abelian subcover M, and if ( α, V ) and ( α, V ) denote the lifts of α ∈ Ω 1 (M, R) and V ∈ C ∞ (M, R) to M and M , respectively, then
In particular, if π 1 (M) is amenable, then
Henceforth, let V = 0. Using Hodge theory, we identify H 1 (M, R) with the space of harmonic 1-forms on M. In particular, let ω 1 , ω 2 , . . . , ω r 0 be harmonic 1-forms that represent an orthonormal basis of
The following generalization of Proposition 14 to abelian covers is an extended version of [HS99, Theorem 1.2] for manifolds.
Theorem 21. Let λ 0,Xα : X α → R be given by λ 0,Xα (ω) = λ 0 (ω). In a neighborhood of 0 ∈ X α , the function λ 0,Xα is real analytic and has positive definite Hessian. In particular, λ
is real analytic near B = 0 and satisfies
where Hom(G, R) denotes the vector space (2.7). 
where the closed form ω χ gives rise to χ ∈Ĝ via (3.17) and (3.18). We verify that for each open neighborhood U of 1 ∈Ĝ, there exists ε U > 0 such that |B| < ε U implies
Otherwise, we can find sequences (B j ) j∈N ց 0 and (χ j ) j∈N ⊂Ĝ\U with
Note that λ 0 (B j α) → 0 by virtue of Proposition 14. SinceĜ\U is compact, a subsequence of (χ j ) j∈N converges to some χ 0 ∈Ĝ\U with λ 0 (ω χ 0 ) = 0. However, Theorem 10 thus implies that 
Mañé's critical value and the ground state energy
Let M be a connected closed manifold with potentials α ∈ Ω 1 (M, R) and V ∈ C ∞ (M, R). Recall that Mañé's critical value of the corresponding lifted Lagrangian L α, V on a regular
For the trivial cover M = M, the following is known.
The preceding theorem is proven by evaluating the Rayleigh quotient of H α,V at a gauged version of the constant function 1 M given by 1 M (x) = 1 for x ∈ M. For arbitrary ε > 0, let f ε ∈ C ∞ (M, R) be such that
Considering α in the gauge α + df ε , we obtain from (3.10)
Note that the proof relies heavily on 1 M ∈ L 2 (M). Brooks [Bro81] was the first to discover that for amenable covers M, there exist replacements χ ε ∈ C ∞ 0 ( M , R) for 1 M as described by Proposition 17. In combination with Paternain's approach, we obtain the following generalization of Theorem 22 to amenable covers, including the monopole case.
Theorem 23. Let M be a regular cover of M with amenable covering transformation group. If α ∈ Ω 1 ( M, R) and V ∈ C ∞ ( M , R) are potentials with inf V > −∞, then the associated Lagrangian L α, V and the associated magnetic Schrödinger operator H α, V satisfy
A proof for the exact case in which α and V are lifts of potentials α and V on M reads
where we used Theorem 10, Theorem 16, Theorem 22 and Theorem 2, respectively.
Proof of Theorem 23. Since (4.2) trivially holds for c(L α, V ) = ∞, we assume c(L α, V ) < ∞.
For arbitrary ε > 0, we can find f ε ∈ C ∞ ( M , R) such that
Let χ fε,ε ∈ C ∞ 0 ( M , R) be as in Proposition 17. As before, we use (3.10) to deduce
In order to illustrate the relationship between λ 0 and c, let M be a regular cover of the closed manifold M with magnetic potential α ∈ Ω 1 ( M , R) having constant norm | α|. In particular, λ 
This condition is satisfied if M is a homogeneous space with α ∈ Ω 1 (M, R) as above or, more generally, if
In the former case, Theorem 2 and Theorem 21 give λ M 0 ′′ (0) = 2 c(L α ) on covers with abelian covering transformation group G for which Hom(G, R) is generated by left-invariant forms.
Homogeneous examples and the 3-body problem
In this section, we study magnetic Schrödinger operators on covers M of compact homogeneous spaces M = Λ\Γ, and compare with the corresponding classical data. In each case, Γ is a Lie group equipped with a left-invariant metric and a left-invariant magnetic field β ∈ Ω 2 (Γ, R), and Λ ⊂ Γ is a cocompact lattice, that is, a discrete subgroup such that the quotient Λ\Γ is compact. According to Theorem 5, the corresponding magnetic Schrödinger operators are essentially self-adjoint. Therefore, we use the same symbol H M for the respective operator and its self-adjoint closure with the exception of the last subsection, where we discuss the quantum analogue of the classical 3-body problem.
5.1. Tori. We consider T n = Z n \R n = R n /Z n with its usual flat metric coming from the Euclidean metric on R n . Note that the lift of any left-invariant 2-form β on T n to the universal cover R n takes the form β R n = j<k B jk dy j ∧ dy k for some B jk ∈ R. We briefly recall that there exists an isometry Q ∈ O(n) of R n with respect to which
where (x 1 , x 2 , . . . , x n ) denote the linear coordinates given by Q : R n → R n , and r(B) ∈ 2 N 0 denotes the rank of the skew-symmetric matrix B = (B jk ) n j,k=1 with entries B jk = −B kj for j > k. Since iB is hermitian, it has real eigenvalues and can be diagonalized by a unitary matrix each of whose columns u satisfies (iB)u = λu for some λ ∈ R. Complex conjugation leads to (iB)u = −λu. Hence, iB can be diagonalized by a unitary matrix having columns where all λ j = 0. If u j = v j + iw j with real and imaginary parts v j , w j ∈ R n , then we can use the orthonormal basis {v j ± w j } j≤ r(B) 2 ∪ {u j } j>r(B) of R n to obtain (5.1). Since H 1 (R n , R) is trivial, any magnetic potential of (5.1) is gauge equivalent to
If β R n has bounded primitives, then, by amenability of π 1 (T n ) = Z n and [Pat06, Lemma 5.3], it also has left-invariant ones, that is, [β] = 0 ∈ H 2 (T n , R), and we have β = 0. The critical value on R n is therefore given by with initial domain C ∞ 0 (R n ) has the purely essential spectrum
In any case, we have λ 0 (H
Proof. 
is a core, and it suffices to study the self-adjoint model operators H 
of Schwartz functions, and the restriction of H R 2 λ to S(R 2 ) is given by the differential operator in (5.3). We conjugate by the partial Fourier transformation F y : S(R 2 ) → S(R 2 ) given by
The shift x → x + ξ y λ leads to the harmonic oscillator in x with frequency |λ|, which has the well-known discrete spectrum {|λ|(2k + 1) | k = 0, 1, 2, . . .} with eigenfunctions [RS80] 
is the kth Hermite polynomial. Each u k leads to an infinite-dimensional eigenspace of (5.4) containing products of the form u k (x + ξ y λ )ψ(ξ y ) where ψ ∈ C ∞ 0 (R).
Higher genus surfaces and P SL(2, R).
Let H = {z = x+iy ∈ C ≃ R 2 | Imz = y > 0} denote the upper half plane with its usual metric ds 2 = y −2 (dx 2 + dy 2 ) of constant curvature −1. Recall that P SL(2, R) can be regarded as the group of orientation-preserving isometries of H, that is, Möbius transformations
This allows to view P SL(2, R) as the unit sphere bundle SH by identifying (x, y, v) ∈ SH with the unique Möbius transformation that takes i to x + iy, and whose derivative takes (0, 1) ∈ T i H to v ∈ T x+iy H. We let Λ ⊂ P SL(2, R) be a cocompact lattice that acts on H without fixed points. The quotient space M = Λ\H is a compact hyperbolic surface, whose unit sphere bundle SM can be identified with Λ\P SL(2, R). Following [CFP10, Section 5.2], we let B ∈ R and consider the magnetic flow φ B on T M generated by the magnetic field B dvol M . In other words, φ B is the Hamiltonian flow of E : T M → R given by E(x, v) = 
given by Iu(x, y) = u(−x, y). Derivations of the well-known spectrum of (5.6) can be found in [IS03, MT08] , which motivated the spectral analysis in the remainder of this section.
Theorem 25. The closure of (5.6) has spectrum The preceding theorem is visualized in Figure 5 .1a. We briefly verify that for |B| > 1 2 , any v ∈ C ∞ 0 ((−∞, 0), C) leads to a ground state of (5.6) given by
Note that w : R × R + → C with w(x, y) = y −1 u(x, y) is the inverse partial Fourier transform of w(ξ x , y) = √ 2π y |B|−1 e ξ x y v(ξ x ). We apply Parseval's theorem to obtain
where R × R + is equipped with standard Lebesque product measure. Hence,
and since v vanishes on [−ε, ∞) for some ε > 0. Moreover,
In the following, we examine the 3-dimensional unit sphere bundle SM ≃ Λ\P SL(2, R). The cover P SL(2, R) ≃ SH is diffeomorphic to H × S 1 with coordinates (x, y, ϕ), with respect to which we have the following left-invariant 1-forms [CFP10, Section 6.3]
We endow SH with the left-invariant metric
that is, We examine the corresponding magnetic Schrödinger operator
on the intermediate cover SH and its lift H
SL(2,R) B
to SL(2, R). Figure 5 .1b summarizes the content of the following thoerem, which uses the notation ⌊|B|⌋ = max{m ∈ Z | m ≤ |B|}. 
if |B| > 1.
In particular,
which has local minima at |B| = 7 8
, and
|B| for |B| ≥ 1. 
shows that the functions (e m ) m∈Z given by e m (ϕ) = 1 √ 2π e imϕ yield a complete orthonormal set of eigenfunctions of the symmetric operator
and therefore
The number m is the quantum analogue of the classical angular momentum. On each In order to determine spec(H
SL(2,R) B
), we use that
and consider the partial Fourier transformation
given by
Let D denote the linear span of C ∞ 0 (H) × S(R). Using cut-off functions, dominated convergence and the canonical isometry
sees that D is a core for H SL(2,R) B
. Moreover, F ϕ restricts to an isometry of D, on which we have (5.10)
More generally, one can use the canonical isomorphism [RS80, Theorem II.10]
given by Iû(ξ ϕ )(x, y) =û(x, y, ξ ϕ ) to reinterpret (5.10) as a constant fibre direct integral decomposition over
as the differential operator (5.10) acting on
with infimum It is worth mentioning, that Erdös [Erd97, Section E, Remark 1] constructed a radially symmetric magnetic potential α on the Euclidean space R n such that λ 0 (B α) is a nonmonotone function of B. However, α has non-constant norm whereas α 3 above is leftinvariant. The spectrum of the Laplacian ∆ SH = 2 H SH 0
should be compared with [Sun88, Example A].
5.3. Heisenberg group. The Heisenberg group Nil is the semidirect product R ⋉ η R 2 with η : R → Aut(R 2 ) given by η(x) (y, z) = (y, x y + z). In other words, Nil is R 3 viewed as a nilpotent Lie group with multiplication
coming from the matrix representation 
Following [CFP10] , we consider the cocompact lattice Λ = Z ⋉ η Z 2 of matrices with x, y, z ∈ Z. All cocompact lattices of Nil are isomorphic to Λ [Sco83] . The left-invariant 1-forms
give rise to the left-invariant metric
that is,
We let B ∈ R and regard Bα 3 as a left-invariant magnetic potential. The corresponding Hamiltonian H acting as and with ξ z ∈ Z in the former case and ξ z ∈ R in the latter case. According to Theorem 24,
with ground state energy dx dy) ). On the full measure set {ξ z = 0} = R\{0} ⊂ R, the operators H 5.4. Solvable geometry. The Lie group Sol is the semidirect product Sol = R 2 ⋊ η R with η : R → Aut(R 2 ) given by η(z) (x, y) = (e z x, e −z y). In other words, Sol is the manifold R 3 equipped with the multiplication
coming from the matrix representation   e The left-invariant 1-forms
, we consider compact quotients of Sol obtained from hyperbolic gluing maps of T 2 as follows. Let A ∈ SL(2, Z) have real eigenvalues λ > 1 and λ −1 < 1, and let P ∈ GL(2, R) be such that (5.14)
The image of the injective homomorphism
is a cocompact lattice Λ A in Sol. The closed 3-manifold Λ A \Sol is a torus bundle over S 1 . Its harmonic monopole dx ∧ dy generates H 2 (Λ A \Sol, R) and is Hodge dual to the generator dz of H 1 (Λ A \Sol, R). For the sake of convenience, we introduce
A simple integration by parts shows that D x , D y and D z are symmetric on C 
Note that H 
We consider products of the form u n (x, y, z) = χ n (x) ψ n (y) ζ n (z) γ n (x, y) with χ n , ψ n , ζ n ∈ C ∞ 0 (R) and γ n ∈ C ∞ (R 2 ). The classical Poincaré inequality [Eva10, Section 5.8.1] implies that for each compact set K ⊂ R there exists
Hence, we choose (χ n , ψ n , ζ n ) n∈N with growing supports. In order to motivate the choices below, we conjugate (5.16) by the partial Fourier transformation F x,y :
This suggests to choose (γ n ) n∈N such that the transforms (F x,y ζ n γ n F −1
x,y ) n∈N concentrate around the line {0} × {0} × R fast enough to compensate for the growing support of (ζ n ) n∈N and the resulting growth of the factors (e k z ζ n ) n∈N for k = −2, −1, 1, 2. We control these concentration and growth rates by real sequences (c n ) n∈N and (s n ) n∈N with c n ց 0 and s n ր ∞. First, we choose (χ n ) n∈N as smooth real-valued cut-off functions on R with
and such that the first and second derivatives are uniformly bounded by some C > 0, that is,
We let (ψ n ) n∈N = (χ n ) n∈N denote the same sequence in C ∞ 0 (R) with the implicit understanding that χ n and ψ n will henceforth be regarded as functions of x and y, respectively. Moreover, we choose some υ ∈ C ∞ 0 (R, R) with norm υ L 2 (R) = 1 and support in Note that
is supported in R 2 × (2 n−1 , 2 n ), for which reason (u n ) n∈N is an orthogonal sequence. If we require c n s n → ∞, then the dominated convergence theorem yields
n y 2 c n dy
One easily computes that
The first summand equals (c 2 n − c 4 n x 2 )u n (x, y, z), and we obtain
As for the second summand, note that χ
and similarly for e 2z χ ′′ n ψ n ζ n γ n . We set c n = e −3 n and s n = e 4 n to satisfy c n s n → ∞ and c
we have
A simple change of variables leads to
Proof of (2). In order to show that
, we define creation and annihilation operators acting on C ∞ 0 (R 3 ) as follows
As A † , and choose ϕ ∈ [0, 2π) such that B x = sin ϕ B and B y = cos ϕ B.
We consider further pairs of creation and annihilation operators acting on C ∞ 0 (R 3 ) as
The claimed inequality now follows as in 2. from the following operator identity
The statement about the special case B y = 0 is a consequence of 4., which is proven below. Proof of (4). We finally show that
by relating H Sol Bx,By to the Maass Laplacian (5.6). We consider R × H with coordinates (t, x H , y H ) and metric dt 2 + y −2
, and the inverse is given by
Imitating the direct computation in [IS03] , we obtain
Similarly, we obtain the following operator identities on
where the last identity refers to multiplication by u ∈ C ∞ (R 3 ). Using that
we obtain from (5.16)
The first summand equals H H
Bx as in (5.6) with spectrum given in (5.7). In particular,
. Hence, there exists a Weyl sequence (w n ) n∈N with w n ∈ C ∞ 0 (H) and w n L 2 (H) = 1 such that
We choose a real sequence c n ց 0 such that w n (x H , y H ) = 0 if y H ≤ c 1 2
n , and let (χ n ) n∈N be the sequence of cut-off functions given in (5.17) with s n = c −2 n . The claim follows once we verified that the Weyl sequence (u n ) n∈N with elements u n ∈ C ∞ 0 (R × H) given by
The first statement follows by dominated convergence as in (5.18). In order to prove the second statement, it suffices to show that
The corresponding computations can be carried out along the lines of (5.19), (5.20) and . In the following, we briefly outline the spectral analysis of the magnetic Schrödinger operator (5.16) on compact quotients of Sol and their maximal abelian covers. Let A = (A ij ) ∈ SL(2, Z) and P = (P ij ) ∈ GL(2, R) satisfy (5.14), and denote the corresponding cocompact lattice of Sol by Λ A . We have A 12 = 0 as A has positive, distinct eigenvalues λ ±1 = 1 2
TrA ± (TrA) 2 − 4 / ∈ Q. Since the columns of P −1 are scalar multiples of the eigenvectors (A 12 , λ − A 11 ) T and (A 12 , λ −1 − A 11 ) T of A, and since λ ±1 / ∈ Q, the only solution to (5.23) q 1 P 11 + q 2 P 12 = 0 or q 1 P 21 + q 2 P 22 = 0 with (q 1 , q 2 ) ∈ Q 2 is given by q 1 = q 2 = 0, which we will use later on. In order to verify that
is easily seen to be generated by
In other words, [Λ A , Λ A ] is a Z 2 -subgroup of Sol, and we can find M = (M ij ) ∈ GL(2, R) with integer entries M ij ∈ Z such that For m = n = 0, we obtain H . We let (w m,n,l ) l∈N ⊂ C ∞ ((Λ A ∩ R 2 × {0})\Sol) denote the eigenfunctions of (5.24) for M 11 = M 22 = 1, M 12 = M 21 = 0 and (m, n) = (0, 0). In general, they do not descend to functions on Λ A \Sol since they are not invariant under (x, y, z) → (λx, λ −1 y, z + log λ). This can be overcome by averaging, namely, one considers u m,n,l = k∈Z w m,n,l (λ k x, λ −k y, z + log λ k )
instead, where one has to use the exponential decay of the eigenfunctions (w m,n,l ) l∈N . For m = n = 0, the Λ A -invariant eigenfunctions are easily seen to be of the form u 0,0,l (x, y, z) = e 2πilz (log λ) −1 with eigenvalues [BP08] considered the magnetic flow generated by a scalar multiple of the distinguished monopole dx∧dy in H 2 (Λ A \Sol, R). They showed that as soon as the magnetic field is turned on, the flow gains positive Liouville entropy and therefore ceases being Liouville integrable. Although the monopole dx ∧ dy becomes exact when lifted to the universal cover Sol, none of its primitives is bounded since π 1 (Λ A \Sol) ≃ Λ A is solvable and therefore amenable [Pat06, Lemma 5.3]. Hence, the critical value of the respective magnetic Hamiltonian on Sol is infinite, see also [CFP10] . In the following, we show how the spectral analysis of the corresponding quantum system reduces to the study of Schrödinger operators on 2-dimensional hyperbolic space. Following [BP08] , we let B ∈ R and consider the left-invariant magnetic field β = B dx ∧ dy ∈ Ω 2 (Sol, R) with potential α = B x dy ∈ Ω 1 (Sol, R). Proposition 29. The spectrum of the closure of (5.25) depends on B as follows:
(1) We have spec(H 
